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1 Introduction

We propose a coarse-to-fine approach for generating fine and curved high-
order tetrahedral meshes. The proposed approach is performed in three steps:
(1) generate a coarse reference mesh; (2) map this to a coarse and curved high-
order mesh; and (3) refine the curved high-order mesh. The approach provides
high-order meshes that are valid, have the desired interpolation degree, and
can be computed with a greatly reduced computational cost. Moreover, it
enables the direct conversion of isotropic meshes (e.g. an Euler mesh) into
anisotropic meshes (e.g. a Navier-Stokes boundary layer mesh).

The key application of this method is to generate sequences of large-
amplitude deformed meshes over time. These mesh sequences are required for
high-order simulations with time-dependent geometries, such as in fluid dy-
namic simulations of flapping wings using the Arbitrary Lagrangian-Eulerian
method [1]. For these problems, a reference mesh is typically deformed to ac-
commodate several different wing configurations. To this end, a Lagrangian
solid mechanics equation is solved on the same mesh, taking the wing displace-
ment state as a Dirichlet boundary condition [2]. Generating fine deformed
meshes in this manner is expensive since flow simulations of flapping wings
often require ∼ 105 high-order elements, including the highly refined regions
in the boundary layer. With our approach, the number of degrees of freedom
required to perform mesh deformation can be reduced more than 500 times.

In the sections that follow, we describe further details of our methodology
(Section 2), an application of our method to the meshing problem for a 3D
flapping bat wing (Section 3), and concluding remarks (Section 4).

2 Methodology

Our goal is to generate fine and curved high-order meshes that conform to
a curved boundary that is moving in time. Moreover, the final mesh has to
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Fig. 1. Mappings between the master, reference and physical domains. Represen-
tation of the coarse (black) and fine (grey) elements.

present the prescribed isotropic and anisotropic refinement features. To this
end, we propose the following approach (Figure 1):

1. Generate a coarse and straight-sided reference mesh. We gener-
ate a coarse linear mesh for a fixed boundary configuration. Then, we convert
this linear mesh to a high-order mesh with straight-sided faces. Thus, the
reference elements are the image of an invertible affine mapping ϕ from a
high-order and straight-sided master element (coordinates ξ) to the reference
space (coordinates X), as shown in Figure 1. Note that the affine mapping ϕ
is invertible if and only if det∇ξϕ is non-zero.

2. Generate coarse and curved physical meshes over time. We
seek a coarse mesh on the physical domain (coordinates x) composed of high-
order elements positively oriented and with curved sides that conform to the
boundary data. Specifically, we seek a smooth deformation G from the refer-
ence to the physical space that is also a diffeomorphism (differentiable and
invertible), as shown in Figure 1. Note that if the boundary does not present
self-intersections, this is equivalent to requiring that det∇XG is positive ev-
erywhere. To find the deformation G we use the non-linear elasticity approach
for curved mesh generation proposed in [1].

3. Refine the coarse and curved physical meshes over time. For
each physical element to be refined, we select the required refinement template
(uniform, boundary layer, ...). As illustrated in Figure 1, all the templates are
determined by a refinement of the master element (black) with straight-sided
sub-elements (grey). Then, the sub-elements in the master element (grey) are
mapped to the corresponding coarse reference elements (black) by means of
the affine mapping ϕ. This results in a fine and high-order reference mesh
composed of straight-sided elements (grey). Finally, the fine reference mesh is
mapped to the physical space by means of the diffeomorphismG. The resulting
refined and curved high-order mesh (grey) is the desired mesh. Note that the
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elements of this mesh are embedded inside the coarse and curved high-order
physical elements.

Advantages. The proposed methodology provides a fine physical mesh
that: is valid; has the same interpolation degree (k) as the master and ref-
erence elements; and is cheap to compute. First, the physical elements are
valid since they are the image of the smooth diffeomorphism G ◦ ϕ from the
refined master element to the physical domain. Note that G ◦ ϕ is a smooth
diffeomorphism because it is the composition of the smooth diffeomorphisms ϕ
(invertible affine mapping) and G (invertible deformation). Second, the phys-
ical elements have interpolation degree k since G ◦ ϕ is the composition of
a mapping ϕ of linear degree (affine) and a deformation mapping G of kth

degree (by construction). Third, the proposed approach is cheaper than com-
puting directly the deformations on the fine meshes. That is, the cost of the
process is dominated by the generation of the coarse and curved high-order
physical mesh. The cost of the refinement is negligible since it corresponds to
refining the master element and using the mapping G ◦ ϕ to interpolate the
physical coordinates of the nodes of the fine physical mesh.

3 Application: flapping bat wing

Problem description. Here we show an application of our method to the
mesh generation problem for high-order fluid dynamic simulations of a 3D
flapping bat wing. Kinematic data for the bat surface is provided as a function
of time and used as the Dirichlet boundary condition for a series of very large
amplitude mesh deformation calculations. The simulations require high-order
meshes with anisotropic boundary layer refinement in regions adjacent to the
wing.

Reference mesh design. The first step in our methodology is to gen-
erate a coarse isotropic high-order mesh for a reference configuration of the
boundary surface. Special attention was paid to reduce the stiffness deter-
mined by the mesh topology, particularly between the two wings. To this end,
we have generated a mesh where each edge on the wing surface is shared by
at least six elements (three above and three below). This helps to ensure that
the mesh deformation solver converges through the large range of motion of
the bat wing. The reference mesh contains 2,016 2nd-order elements, which is
sufficient to resolve the boundary geometry in this problem.

Mesh deformation results. Following our procedure, a sequence of
333 boundary-conforming deformed meshes was computed from the reference
mesh for the wing’s full range of motion. Examples of these deformed meshes
are presented in Figure 2. The quality of these deformed meshes is quantified
in Figure 3. We show the minimum value at each time instance for the scaled
Jacobian measure I [3], and the extension of the shape measure to high-order
elements Q [4].
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Fig. 2. Deformation of a coarse volume mesh near the front of a flapping bat wing.
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Fig. 3. Minimum quality for a sequence of deformed meshes of a flapping bat wing.

Mesh refinement results. The coarse deformed meshes define a diffeo-
morphism mapping between the reference mesh and the deformed mesh, via
an isoparametric mapping in this case. Together with the mapping, we used
a set of isotropic and anisotropic mesh refinement templates to generate the
refined mesh in Figure 4. This refined mesh was generated for all deformation
states using the coarse mesh results, at negligible computational cost.

The refined mesh meets the requirements for an anisotropic boundary layer
and wake region. This example has 56,989 3rd-order elements, in contrast to
the 2,016 2nd-order elements used in the coarse reference mesh. Even for this
modest degree of refinement, our approach reduces the number of degrees of
freedom required for the mesh deformation computation by a factor of 56,
resulting in significantly lower computational cost.

4 Concluding Remarks

We have presented a coarse-to-fine approach for generating fine and curved
high-order tetrahedral meshes. The approach provides high-order meshes that
are valid, have the desired interpolation degree, and can be computed with a
reduced computational cost. Moreover, the approach enables the construction
of a Navier-Stokes boundary layer mesh from an isotropic Euler mesh. A
key application of this method is to generate sequences of large-amplitude
deformed meshes over time for flow simulations of flapping wings. With the
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Fig. 4. Cross section of bat mesh showing boundary layer and wake refinement.

proposed approach the number of degrees of freedom required to perform the
deformation can be reduced more than 500 times.
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